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Growth modelsarevitally importantfor forestmanage-
mentplanning.Forecastingthegrowth andyield of indi-
vidual standsis a prerequisitefor planningthe manage-
mentof forestsat any level. Therefore,managersneed
to have an appreciationof the variousgrowth modelling
techniquesandtheir limitations.

More thana review of growth models,this is anexam-
ination of basicprinciplesasI seethem. An exhaustive
review would take far too much space,would probably
beof moreinterestto thespecialist,andhasalreadybeen
doneto someextentin someof thepublicationscitedbe-
low. Instead,I haveaimedatacontributiontowardabetter
understandingof therelevantliterature.

The focus is on modelling techniquesappropriatefor
even-agedstands.Thereferencesselectedto illustratethe
variousmethodsareamoreor lessrandomsample.How-
ever, following tradition,only publicationsin Englishare
included,andthesampleis heavily biasedtowardtheau-
thor’sown work.

New Zealandgrowth modelshave beenreviewed by
Goulding,1986.

Foundations

“Static” (Alder 1980) growth modelsattemptto predict
directly the courseover time of the quantitiesof inter-
est (volumes,meandiameter). Examplesof theseare
the ForestryCommissionManagementTables(Johnston
andBradley 1963)andtheSouthAustralianYield Tables
(Lewis et al 1976). This approachcangive goodresults
for unthinnedstands,or for standssubjectto a limited
�
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rangeof standardizedtreatmentsfor which long-termex-
perimentaldataareavailable.

Dynamic models are neededfor forecastingover a
wider rangeof tendingregimes(initial spacing,various
thinning andpruningsequencesandintensities).Instead
of modellingdirectly thecourseof valuesovertime,these
modelspredictratesof changeundervariousconditions.
Thetrajectoriesover time arethenobtainedby addingor
integratingtheserates.

Growth modellingmaybe clarified throughthe useof
somevery simple basicconceptsthat have beenfunda-
mentalin otherdisciplinesfor a long time. Essentially,
theevolutionover timeof any systemcanbemodelledby
specifying:

1. An adequatedescriptionof the systemat any point
in time (the“state” of thesystem).

2. The rateof changeof stateasa functionof the cur-
rent stateand of the currentvalue of any external
controlvariables(a “local transitionfunction”).

Thestatemustbesuchthat,to asufficientdegreeof ap-
proximation: (a) futurestatesaredeterminedby the cur-
rentstateandfutureactions,and(b) any characteristicsof
interestcanbe derived from the state. The stateis often
describedby a fixednumberof variables(statevariables,
forming a statevector). It canalsoincludemorecompli-
catedmathematicalobjectssuchasinfinite sequencesand
functions. Transitionfunctionsare typically given as a
systemof differentialor differenceequations,describing
the rateof changeof eachof the statevariables. Alter-
natively, they mightbespecifiedgraphically, or througha
moreor lessinvolvedcomputationalalgorithm.

Let us illustrate these principles in the context of
growth modelling. First, control variablesusually need
not be includedin the transitionfunction. Silvicultural
treatments(e.g. thinnings)normally happenat discrete
pointsin time, causingan instantaneouschangeof state.
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We canthenmodelthechangesof statein betweentreat-
mentsasa functionof thecurrentstateonly, without any
controlvariables.

Considerthemeantop height,
�

, asastatedescription
for a stand. This satisfiescondition(a) above, sincethe
rateof changeof

�
(heightincrement)canbe modelled

adequatelyasa functionof thecurrent
�

: � �����	� ��
 ,
or � ��
 � � ����� ��
 . The courseof

�
over time canbe

obtainedby accummulatingor integratingtheincrements,
startingfrom a given initial height. If we are interested
in thevolumeperhectare,

�
is not a goodstatedescrip-

tion accordingto condition(b): thevolumedependsalso
on thebasalareain additionto

�
. Themodelmay, how-

ever, beadequatefor otherpurposes,e.g. for sitequality
classification.

Considernow the total volumeper hectare,asa state
description.If we areinterestedin forecastingthis quan-
tity, it obviouslysatisfiescondition(b) (althoughit would
probablynot be sufficient if we were also interestedin
merchantablevolumes).However, condition(a) fails be-
cause,overa wide rangeof treatments,thevolumeincre-
mentwould be differentfor standshaving the samevol-
umebut verydifferentheightsand/orstockings.

It appearsthat a one-dimensionalstateis inadequate
for growth modelling. Considerthenthe statebeingde-
scribed by three variables: basalarea ( � ), stemsper
hectare( � ), andtop height(

�
). That is, thestateis the

three-dimensionalvector � ��� ��� ��� ��
 . In many in-
stancesthis satisfiescondition(a), thechangesin � for a
wide varietyof treatmentsbeingwell approximatedby a
functionof � , ��� ��� � � 
 , that is, by a systemof three
equations: ��� ��� � � ��� ��� ��
 , ��� ��� � � ��� ��� ��
 ,
� � ��� ! � ��� ��� ��
 . Often this statevectoris satisfac-
tory alsoaccordingto (b), with volumesof variousprod-
ucts,values,andsizedistribution parametersbeingesti-
matedby regressionon � , � and

�
. Notice that any

one-to-onetransformationof this vectorwould serve as
well, for example,meandiameter, averagespacing,and
top height. In somecircumstances,however, a morede-
tailedstatedescriptionmaybenecessary.

In additionto thetransitionfunctionsdescribinggrowth
and mortality, most growth modelsalso include several
auxilliary relationships.Theseusuallyincludeequations
to estimatetheinstantaneouschangein thestatevariables
causedby treatments(e.g. thechangein basalarearesult-
ing from thinninga certainnumberof treesperhectare),

and to estimatevolumesof various productsgiven the
state.

Forecastingmaybedoneby usingintegratedformsof
thelocaltransitionfunction,or throughnumericalintegra-
tion or accumulation.It is usefulnot to confusea growth
modelwith its computerimplementation.Different im-
plementationsof thesamemodelmaybeappropriatefor
differentapplications(long-termforecasting,silvicultural
regimeevaluation,updatingof standrecords).

For moreon the state-spaceapproachin growth mod-
elling seeGarcia(1979). Incidentally, theseideascanbe
appliedto any dynamicsystem,andin particular, to mod-
elsfor forestmanagementplanning(Garcia1984b).

Types of growth models

.
Dynamicgrowth modelscanbeclassifiedaccordingto

thelevel of detail in thestatedescription,asfollows.
Stand-level growth modelsdescribethe stateof the

standby a few variablesrepresentingstand-level aggre-
gatessuch as basal area, mean diameter, volume per
hectare,stemsper hectare,averagespacing,top height,
etc. Sometimes,parametersof diameterand/or height
distributionsarealsoused,althoughmoreoftentheseare
estimateda posteriori asfunctionsof thestatevariables.
Thetransitionfunctionis usuallygivenasasystemof dif-
ferenceor differentialequationsfor the ratesof change
of the statevariables(growth andmortality). Graphical
methodshavealsobeenused.

In most situations,this type of model is likely to be
the mostappropriatefor managementplanningof forest
plantations.SomeexamplesareBeekhuis(1966),Alder
(1980),andGarcia(1984a,1988). Otherwork published
between1973and1976is listed,with abstracts,in CAB
(1977).

Treepositionmodels,or distance-dependentindividual
treegrowth models,usea muchmoredetailedstatede-
scription. This includesthe location (co-ordinates)and
diameter, andsometimesheightandcrown dimensions,of
every treein a sampleplot. Growth andmortality prob-
abilities for eachtreeareexpressedasfunctionsof their
dimensionsandof therelativepositionanddimensionsof
their neighbors.Representative examplesincludeNewn-
ham(1966,1968),VanLaar(1969),Mitchell (1975),and
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Tennent(1982).SeealsoDudekandEk (1980).
Thesemodelscanbe usefulasresearchtools to study

practicesaffecting treespacialrelationshipsin waysthat
stand-level variablescannotdescribesatisfactorily; for
example,thinning by rows or othersystematicpatterns,
managementof mixedspeciesstands,or heavy selective
pruning. They may alsoprovide insightsinto standdy-
namicsthatcouldcontributeto thedevelopmentof better
standmodels. Direct managementuseof thesemodels
is hamperedby their high computationalcostandby the
very detailedinventory information that they would re-
quire. Whenusedin practice,oftena stand-level descrip-
tion is usedfor generatingafictitioussampleof individual
treelocationsandsizes,which is thenusedasaninput to
themodel.Thisis conceptuallyequivalentto astand-level
growth model,with a rathercomplicatedtransitionfunc-
tion.

Distance-independentindividual tree growth models
describethe statethroughindividual treedata,but with-
out specifyingtreelocations.Strictly speaking,this class
of modelsshouldincludeonly thosebasedon a list of the
actual treesin a sampleplot, with their dimensions,as
in Goulding (1972). It is common,however, to include
in this classmodelswherethe stateis a sizedistribution
(usuallyadiameterdistribution)specifiedby astandtable
(histogram)or by afixednumberof distributionquantiles
(Clutter andAllison 1974,Alder 1979),althoughit can
bearguedthatthis is astand-level description.Additional
referencesaregivenin DudekandEk (1980).

Thesemodelsoccupy anintermediatepositionbetween
the stand-level and the tree-positionmodelsin termsof
statedescriptiondetail,computationalcost,andinforma-
tion requirements.This detail is neededfor modelling
uneven-agedstands.With reasonablyhomogeneousfor-
est plantations,however, the additional detail may be
largely redundant.

A potentialdifficulty with treesizedistributionsarises
from the spatialcorrelationof treesizes(Garcia1984a).
Over very shortdistancesthereis usuallya negative cor-
relationdue to competition. Over longerdistances,mi-
crositesimilarity causesapositivecorrelation,decreasing
with distance. This implies that a tree size distribution
mustvary with the areaof land considered.In particu-
lar, the variancemust vary with plot size, and distribu-
tions derived from sampleplots areunlikely to apply to
whole standsor compartments.Curiously, theseconsid-

erationshavegenerallybeenignoredby growth modellers
althoughtheir importancehas long beenrecognizedin
forest sampling. The practicalsignificanceof theseef-
fectsfor growth predictionis yet unknown. Until this is
elucidated,however, it seemsprudentto usetreesizedis-
tributionswith somecare.

Estimation

Most growth model parameterestimationis doneusing
linear or nonlinearregression.Several characteristicsof
growth modellingdatamay causedifficultiesbecauseof
violation of statisticalassumptionsunderlyingregression
techniques.

One problem often mentionedis the correlationbe-
tweenrepeatedmeasurementsof permanentplots (Sulli-
vanandReynolds1976,FergusonandLeech1978).This
correlationarisesbecausethe value of a variableat the
time of a measurementsubsumesthe valuesat previous
measurements.The effect is moreimportantfor the de-
velopmentof staticmodels. In dynamicmodelsthe de-
pendentvariablesin the regressionsareusuallyperiodic
increments,which aremorenearlyindependentthanthe
actualmeasurements.Somecorrelationis still presentbe-
tweensuccessive increments,duemainly to measurement
errorsat thesharedmeasurementpoints,andbetweenin-
crementsfor thesameperiodin differentplots,dueto the
actionof similarweatherconditions.

Another problem is the multiresponsenatureof the
models. That is, the modelsoften consistof equations
where the dependentvariablesmay be correlated,and
whereparametersin differentequationsmaybesharedor
may be functionally related. In this situation,fitting the
equationsoneat a time may not be satisfactory, if at all
possible.Hunter(1967)discussestheproblemandsome
solutionsin the context of chemicalkinetics. Burkhart
(1985)reviewsapproachesthathave beentried in growth
modelling. BatesandWatts(1985)have written recently
on multiresponseestimation.

A third problemis the determinationof incrementsor
ratesof changeof thestatevariablesfrom thedata.Some-
times measurementshave beentaken evenly spacedin
time. In this situation the computationof periodic in-
crementsto be usedas dependentvariablesis straight-
forward. Often, however, measurementstaken at vari-
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ous intervals areavailable,andapproximationsmustbe
used. This is likely to be moreof a problemwith fast-
growing species,wheregrowth differencesarising from
varyingdatesof measurementaregreater. In addition,the
variability in incrementsdueto year-to-yearclimaticfluc-
tuationstendsto be larger than in slow-growing stands
whereperiodicincrementsaverageout theseeffectsover
several years. A relateddifficulty lies in the approxima-
tions sometimesneededwhen accumulatingincrements
over a forecastinginterval which is not anexactmultiple
of theincrementperiods.

Somestatisticalestimationmethodsnot basedon re-
gressionhave beenused. In a seriesof modelsfor New
Zealandradiatapine(Garcia1979,1984a,1988),thedif-
ferentialequationsspecifyingthetransitionfunctionwere
augmentedby randomperturbationtermsfor estimation
purposes,transformingthem into stochasticdifferential
equations.The problemsassociatedwith varying incre-
ment periods were then avoided by using directly the
integratedform of the equations,at the sametime ac-
countingfor most of the correlationeffects throughthe
stochasticstructureof themodel.Multiresponsewasdealt
with throughsimultaneousmaximumlikelihoodestima-
tion, usinga general-purposeoptimizationprocedure.

Summary

The state-spacepoint of view canclarify the variousap-
proachesto growth modelling.In this view thebehaviour
of a time-varyingsystemis describedby astatethatchar-
acterisesthesystemat any point in time, anda transition
functionthatspecifieshow thestatechangesover time.

A multidimensionalstate is required to adequately
modelforeststandgrowth. Growth modelsarecommonly
classifiedinto threetypesthatdiffer in the level of detail
in the statedescription. In stand-level modelsthe state
consistsof a smallnumberof summaryvariables,for ex-
amplebasalarea,stocking,andtopheight.Individual-tree
distance-dependentmodelsinclude in the statethe size
andlocationof every treein a pieceof land. Individual-
treedistance-independentmodelsusea statedescription
basedon asize(usuallydiameter)distribution.

Themostappropriatetypeof modelto usedependson
the circumstances.The homogeneityof the standsand
the kind of treatmentsto be analyseddeterminehow de-

tailedastatedescriptionneedsto be. In addition,thestate
descriptionalsodeterminesthequantityandqualityof in-
ventorydatarequiredfor growth projections.

The developmentof growth modelspresentsspecial
statisticalproblems. An approachinvolving stochastic
differential equationsand maximum likelihood estima-
tion hasbeendevelopedand usedsuccessfullyin New
Zealand.
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