Growth Modelling— a (Re)view

O. Garcia*

Growth modelsarevitally importantfor forestmanage-
mentplanning. Forecastinghe growth andyield of indi-
vidual standsis a prerequisitefor planningthe manage-
mentof forestsat ary level. Therefore,managerseed
to have an appreciatiorof the variousgrowth modelling
techniquesandtheirlimitations.

More thana review of growth models this is anexam-
ination of basicprinciplesas| seethem. An exhaustve
review would take far too much space,would probably
be of moreinterestto the specialistandhasalreadybeen
doneto someextentin someof the publicationscited be-
low. Instead] haveaimedatacontributiontowardabetter
understandingf therelevantliterature.

The focusis on modelling techniquesappropriatefor
even-agedstands.Thereferenceselectedo illustratethe
variousmethodsarea moreor lessrandomsample .How-
ever, following tradition,only publicationsn Englishare
included,andthe sampleis heavily biasedtowardthe au-
thor's own work.

New Zealandgrowth modelshave beenreviewed by
Goulding,1986.

Foundations

“Static” (Alder 1980) gronth modelsattemptto predict
directly the courseover time of the quantitiesof inter

est (volumes, meandiameter). Examplesof theseare
the Forestry CommissionManagemenfrables(Johnston
andBradley 1963)andthe SouthAustralianYield Tables
(Lewis et al 1976). This approachcangive goodresults
for unthinnedstands,or for standssubjectto a limited
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rangeof standardizedreatmentgor which long-termex-
perimentaldataareavailable.

Dynamic models are neededfor forecastingover a
wider rangeof tendingregimes (initial spacing,various
thinning and pruning sequenceandintensities). Instead
of modellingdirectly thecourseof valuesovertime, these
modelspredictratesof changeundervariousconditions.
Thetrajectoriesovertime arethenobtainedby addingor
integratingtheserates.

Growth modellingmay be clarified throughthe useof
somevery simple basic conceptshat have beenfunda-
mentalin otherdisciplinesfor a long time. Essentially
theevolution overtime of any systemcanbe modelledby

specifying:

1. An adequatelescriptionof the systemat ary point
in time (the“state” of the system).

2. Therateof changeof stateasa function of the cur-
rent stateand of the currentvalue of any external
controlvariablega“local transitionfunction”).

The statemustbesuchthat,to asuficientdegreeof ap-
proximation: (a) future statesare determinecby the cur-
rentstateandfutureactions,and(b) ary characteristicsf
interestcanbe derived from the state. The stateis often
describeddy a fixed numberof variables(statevariables,
forming a statevector). It canalsoincludemorecompli-
catedmathematicabbjectssuchasinfinite sequenceand
functions. Transitionfunctionsare typically given asa
systemof differential or differenceequationsgdescribing
the rate of changeof eachof the statevariables. Alter-
natively, they might be specifiedgraphically or througha
moreor lessinvolved computationahblgorithm.

Let us illustrate these principles in the context of
growth modelling. First, control variablesusually need
not be includedin the transitionfunction. Silvicultural
treatmentge.g. thinnings)normally happenat discrete
pointsin time, causingan instantaneoushangeof state.



We canthenmodelthe change®f statein betweertreat-
mentsasa function of the currentstateonly, without ary
controlvariables.

Considetthe meantop height, H, asa statedescription
for a stand. This satisfiescondition (a) above, sincethe
rateof changeof H (heightincrement)canbe modelled
adequatehasafunctionof thecurrentd: AH = f(H),
ordH/dt = g(H). The courseof H overtime canbe
obtainedby accummulatingr integratingtheincrements,
startingfrom a giveninitial height. If we areinterested
in thevolumeperhectare H is not a goodstatedescrip-
tion accordingto condition(b): the volumedependslso
onthebasalareain additionto H. The modelmay; how-
ever, be adequatdor otherpurposese. g. for site quality
classification.

Considernow the total volume per hectare as a state
description.If we areinterestedn forecastingthis quan-
tity, it obviously satisfiescondition(b) (althoughit would
probablynot be sufficient if we were also interestedin
merchantableolumes).However, condition(a) fails be-
causepverawide rangeof treatmentsthevolumeincre-
mentwould be differentfor standshaving the samevol-
umebut very differentheightsand/orstockings.

It appearghat a one-dimensionattateis inadequate
for growth modelling. Considerthenthe statebeingde-
scribed by three variables: basalarea (G), stemsper
hectare(NV), andtop height(H). Thatis, the stateis the
three-dimensionabectorx = (G,N,H). In mary in-
stanceghis satisfiescondition(a), the changesn x for a
wide variety of treatmentdeingwell approximatedy a
functionof x , Ax = f(x), thatis, by a systemof three
equations:AG = fi(G,N,H), AN = f»,(G,N, H),
AH = f3(G, N, H). Oftenthis statevectoris satishc-
tory alsoaccordingto (b), with volumesof variousprod-
ucts, values,andsize distribution parameterdeing esti-
matedby regressionon G, N and H. Notice that ary
one-to-onetransformationof this vectorwould sene as
well, for example,meandiameter averagespacing,and
top height. In somecircumstanceshowever, a morede-
tailed statedescriptionmaybenecessary

In additionto thetransitionfunctionsdescribinggrowth
and mortality, most growth modelsalso include several
auxilliary relationships.Theseusuallyinclude equations
to estimateheinstantaneoushangean the statevariables
causedy treatmentge.g. thechangen basalarearesult-
ing from thinning a certainnumberof treesper hectare),

and to estimatevolumesof various productsgiven the
state.

Forecastingnay be doneby usingintegratedforms of
thelocaltransitionfunction,or throughnumericaintegra-
tion or accumulationlt is usefulnot to confusea growth
modelwith its computerimplementation. Differentim-
plementation®f the samemodelmay be appropriateor
differentapplicationglong-termforecastingsilvicultural
regimeevaluation,updatingof standrecords).

For more on the state-spacapproachin growth mod-
elling seeGarcia(1979). Incidentally theseideascanbe
appliedto any dynamicsystemandin particulay to mod-
elsfor forestmanagementlanning(Garcial984b).

Types of growth models

Dynamicgrowth modelscanbe classifiedaccordingto
thelevel of detailin the statedescriptionasfollows.

Stand-leel growth modelsdescribethe state of the
standby a few variablesrepresentingtand-leel aggre-
gatessuch as basal area, mean diametey volume per
hectare,stemsper hectare,averagespacing,top height,
etc. Sometimes,parameterf diameterand/or height
distributionsarealsoused,althoughmoreoftentheseare
estimateda posteriori asfunctionsof the statevariables.
Thetransitionfunctionis usuallygivenasa systenof dif-
ferenceor differential equationsfor the ratesof change
of the statevariables(growth and mortality). Graphical
methodshave alsobeenused.

In most situations,this type of modelis likely to be
the mostappropriatefor managemenplanningof forest
plantations. Someexamplesare Beekhuis(1966), Alder
(1980),andGarcia(1984a,1988). Otherwork published
between1973and1976is listed, with abstractsin CAB
(2977).

Treepositionmodels,or distance-dependeirtdividual
tree grownth models,usea much more detailedstatede-
scription. This includesthe location (co-ordinatesand
diameterandsometime$eightandcrown dimensionspf
every treein a sampleplot. Growth and mortality prob-
abilities for eachtree are expressedasfunctionsof their
dimensionsaandof therelative positionanddimensionof
their neighbors.Representate examplesinclude Newn-
ham(1966,1968),VanLaar(1969),Mitchell (1975),and



Tennent(1982). SeealsoDudekandEk (1980).

Thesemodelscanbe usefulasresearchools to study
practicesaffecting tree spacialrelationshipsn waysthat
stand-l@el variablescannotdescribesatishctorily; for
example, thinning by rows or other systematicpatterns,
managemendf mixed speciesstandsor heary selectve
pruning. They may also provide insightsinto standdy-
namicsthat could contributeto the developmentof better
standmodels. Direct managementise of thesemodels
is hamperedy their high computationatostandby the
very detailedinventory information that they would re-
quire. Whenusedin practiceoftena stand-leel descrip-
tionis usedfor generatingfictitious sampleof individual
treelocationsandsizes which is thenusedasaninput to
themodel.Thisis conceptuallyequivalentto astand-leel
growth model,with a rathercomplicatedransitionfunc-
tion.

Distance-independerihdividual tree growth models
describethe statethroughindividual tree data, but with-
out specifyingtreelocations. Strictly speakingthis class
of modelsshouldincludeonly thosebasedn alist of the
actualtreesin a sampleplot, with their dimensions,as
in Goulding (1972). It is common,however, to include
in this classmodelswherethe stateis a size distribution
(usuallya diametedistribution) specifiedby a standtable
(histogram)or by a fixednumberof distribution quantiles
(Clutter and Allison 1974, Alder 1979), althoughit can
bearguedthatthisis a stand-leel description Additional
referencesregivenin DudekandEk (1980).

Thesemodelsoccupy anintermediatgositionbetween
the stand-leel and the tree-positionmodelsin termsof
statedescriptiondetail, computationatost,andinforma-
tion requirements. This detail is neededfor modelling
uneven-agedstands. With reasonablyhomogeneousor-
est plantations,however, the additional detail may be
largely redundant.

A potentialdifficulty with treesizedistributionsarises
from the spatialcorrelationof treesizes(Garcial984a).
Over very shortdistanceghereis usuallya negative cor
relationdue to competition. Over longer distancesmi-
crositesimilarity causes positive correlationdecreasing
with distance. This implies that a tree size distribution
mustvary with the areaof land considered.In particu-
lar, the variancemustvary with plot size, and distribu-
tions derived from sampleplots are unlikely to apply to
whole standsor compartmentsCuriously theseconsid-

erationshave generallybeenignoredby growth modellers
althoughtheir importancehaslong beenrecognizedin

forest sampling. The practicalsignificanceof theseef-

fectsfor growth predictionis yet unknovn. Until thisis

elucidatedhowever, it seemgprudentto usetreesizedis-
tributionswith somecare.

Estimation

Most growth model parametetestimationis done using
linear or nonlinearregression. Several characteristic®f

growth modellingdatamay causedifficulties becausenf

violation of statisticalassumptionsinderlyingregression
techniques.

One problem often mentionedis the correlation be-
tweenrepeatedneasurementsf permanenplots (Sulli-
vanandReynolds1976,FeigusonandLeech1978).This
correlationarisesbecauséehe value of a variableat the
time of a measuremengubsumedhe valuesat previous
measurementsThe effect is moreimportantfor the de-
velopmentof static models. In dynamicmodelsthe de-
pendentvariablesin the regressionsare usually periodic
incrementswhich are more nearlyindependenthanthe
actualmeasurement$§omecorrelationis still presenbe-
tweensuccessie incrementsduemainly to measurement
errorsat the sharedmeasuremeroints,andbetweernin-
crementdor the sameperiodin differentplots,dueto the
actionof similar weatherconditions.

Another problem is the multiresponsenature of the
models. Thatis, the modelsoften consistof equations
where the dependentvariablesmay be correlated,and
whereparameteri differentequationsnaybe sharedor
may be functionally related. In this situation,fitting the
equationsone at a time may not be satisactory if at all
possible.Hunter(1967)discusseshe problemandsome
solutionsin the context of chemicalkinetics. Burkhart
(1985)reviews approachethathave beentried in growth
modelling. Batesand Watts (1985) have written recently
on multiresponsestimation.

A third problemis the determinatiorof incrementsor
ratesof changeof thestatevariabledrom thedata.Some-
times measurementhave beentaken evenly spacedin
time. In this situationthe computationof periodic in-
crementsto be usedas dependenwariablesis straight-
forward. Often, however, measurementtaken at vari-



ousintervals are available, and approximationamust be
used. This is likely to be more of a problemwith fast-
growing specieswheregrowth differencesarising from
varyingdatesof measuremerdregreater In addition,the
variability in incrementslueto yearto-yearclimaticfluc-
tuationstendsto be larger thanin slow-growing stands
whereperiodicincrementsaverageout theseeffectsover
severalyears. A relateddifficulty lies in the approxima-
tions sometimesneededwhen accumulatingincrements
over aforecastingnterval which is not anexact multiple
of theincrementperiods.
Somestatisticalestimationmethodsnot basedon re-
gressionhave beenused. In a seriesof modelsfor New
Zealandradiatapine (Garcial979,1984a,1988),the dif-
ferentialequationspecifyingthetransitionfunctionwere
augmentedy randomperturbationtermsfor estimation
purposestransformingthem into stochasticdifferential
equations. The problemsassociatedvith varying incre-
ment periods were then avoided by using directly the
integratedform of the equations,at the sametime ac-
countingfor most of the correlationeffects throughthe
stochastistructureof themodel. Multiresponsavasdealt
with through simultaneousnaximumlik elihood estima-
tion, usinga general-purposeptimizationprocedure.

Summary

The state-spacgoint of view canclarify the variousap-
proachego growth modelling. In this view the behaiour
of atime-varyingsystemis describedy a statethatchar
acteriseghe systemat ary pointin time, anda transition
functionthatspecifieshow the statechange®vertime.

A multidimensionalstate is requiredto adequately

modelforeststandgrowth. Growth modelsarecommonly
classifiedinto threetypesthatdiffer in the level of detail
in the statedescription. In stand-lerel modelsthe state
consistof a smallnumberof summarwariablesfor ex-

amplebasalarea,stocking,andtop height.Individual-tree
distance-dependembodelsinclude in the statethe size
andlocationof every treein a pieceof land. Individual-

tree distance-independemtodelsusea statedescription
basedn a size(usuallydiameter)distribution.

The mostappropriateype of modelto usedependon

the circumstances.The homogeneityof the standsand
the kind of treatmentgo be analyseddeterminehow de-

taileda statedescriptiomeedsdo be. In addition,the state
descriptioralsodetermineshe quantityandquality of in-
ventorydatarequiredfor growth projections.

The developmentof growth models presentsspecial
statisticalproblems. An approachinvolving stochastic
differential equationsand maximum lik elihood estima-
tion has beendevelopedand usedsuccessfullyin New
Zealand.
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